'Def\m\'ﬁon
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R & Quick Reviews on Linear Algelora
Vector S’Faces

&1

A vector Space. \ over a -fte(d F  consists cs§ a set  wrdh boo oFertrtions
«: Fx\ =V (scalar mud'bi'F(icn:(:iov\) hat  satisfies

s 1) For all x,cae.\/ , x-ﬂ.a:‘a-\-x
WS 2D For all x.4.2 e\ ,(1+La)+z=x+(n.a+z)

NS 2) There exists eV sudh daat x+oy=x -Eer al weV\

all xeV , tdrere exists tae\/ sudh Haak -x.-uaao\,.

al xeV. l.x=%x (Recall : | is the ww&t'.’?l“xcaﬂva Idewtrba in F)
al a,beF , xeV , (ab) - x :=a (b3

al aeF .1,:66.\) . a.~(x+;6>=o.'x.+a-¢6

all a,beF |, xeV , tatb).w=a.x+b-x%

(Remark: o (V,+) is an abkelian %rowr)

&aw?(e_ .1

F“= {(Q..O.-;,

.o qeFl wrda

where a;.bb;.ceF . is a vector Space.
In Fav'&ica\lo.r-,?f F-R, B.R are vestor Space  we stiadied  in l'\‘%h school .

T consists cf 'F“ elements .

wavwFle 2.2
L-E'tSbe-GAQSd:cﬁallfw‘dﬁws ‘f\‘bm'k‘&»’k.

For -j% e ,ceR , we deﬁivxe. -j--t% \:\a (-f-t-%\covf(ao-t%u) and c--f bsé (c-'f)ﬁxhc‘fﬁt) .

Then S & a vector Space .

Emwtrle. 83

a -g‘uelel .

F&x] = set cf all Felcav\ow\ials wirkh coeﬁciewh M F uida usuwal  addition  and
Scalar qul'bIF\ioa-biov\ s a vector Space..

ad c.(a.0,.--..a)=(ca, . co,, -

,Can)



Exercise  &.1

let F be a -?eld ., deZ" Show Hrat

@ the set c:f all 'Foluanom'la.ls of de%rvae sd  with coeﬁcaew&_ n Fwitdh uswal  addition and
Scalar mul-l-,i?\ica-tiovx s a vector space.

(o) the setc cf all ‘Fclwav\om'\q\s of de%me =d ik eoeﬁ%eaewt n F o owrtdh usuwal  addikion  and
Scalar mAl-EI-Fhon-tiov\ s ot a veckor space.

'Pvrv\xas'rﬁovx .\

Let V be a vector space. and et x.ua.ze\l.

\f ':L+z-ta+z . then *=y.

lelma_ 8.1
Oy are 9 described W (NS ) and (VS 4) are unigue.

(‘r\«eﬂsze . ‘.f xeV, the MV\?%AQ additive 1verse c§ . is denste \:\a -.)

'varos‘rh‘tov\ R.2

Let V be a vector space..
1) For all xeV, O-x =0y
2) For all xeV, ceF, (). = -(c-x)

2) For all aeF, a-o0y:=0,

-Defin'rhov\ 8

A suvbset ) ef a vector space V _over a ‘ﬁ\dd F is called a Su\os‘xxc.e cf \ l‘f
W s a vector Space. over FE  under Hre c‘;eratims cf addibion ard  scalar m«\'E?F\iqd'Eion on \.

FR—u?oST(‘.’tDV\ 83

Let V be a vector space. and le‘t\u)be.o.s-.«\ose‘toﬁ\/.w\sa&,\\os?m of\/“\fcmd
ov\\-a l-f all the -fo\\ouxv\%_ condrtions _hold -

1) oye\

2) For all . yewW. we have Xty e

2) For all xeW, ceF, we hawe c.xe\W.




Linear Combination and Linear lv\de?ev\e\ence c'f Vectors

"Defwam g3

LetVbe.ave:ters?aczand(e:tSBeanonetha%setof\l.

A vector veV s called a combination oﬁ elemerts cf S rf Hrere odst U UL eSS and
Q. Cr -, Qe eF sucdh Haak V= Cou gt Ceag.

ln Hhis cose , v s gaid to be a lnear combingtion 55 Uy Un s U

ExamF\e K4
Llet w=(2. 0, U=U.0,2) eR .

N=(F,6,8) = 2+ 3wy thicdh 18 a linear  cowbination of w and u, .

Le'EVbeavechrquce and et S be a subset cf\/.
The SFQV\ cf S , densted 'o\a SFGV\(S3 , 1= de:gmad as the set o? all _lineay  combination
cf elements cf R— = Paremlar s i'g S CP , SFGV\(<{>) s de?ned as foyt.

’RWOS"&\QV\ 8.4
Span(R) s a subspace o‘f V.

EWF\Q 8 .S

3
Lek wu=C,o, 0, mlo, 1, e® .

Then SFav\({m.,u;'s)= fVecu+Cana: G .CaeRY  whidh is the 'Plawe. c:owbin‘m% wuand U, .

EW?\Q R.6

let F:2s ad lebt u=C.2>eF

Spon({u}) = fv-cu:ceF¥ = {(o.0), C1,3), (2, 1), (3.4) , (4,23

T T T Al marked _lattice points are poinks of F
3 ° ° ' . ‘Red 'F°.‘W§ are FO'WVES Of S'FQV\({UG)




Defini‘ﬁen g5

A subset S r.«j a_ vector Spase V s]mvs \ «f S‘:an(S)'«\/.

E’WWF\Q R3I

2
Lek u=C.00), w0 1.0) ,ug=Cl, L, NeR .

3
Let v=la,.a.a)eR . Fnd c,.c..cyeR sudn Uaakt Vi +Cuai+~Cuy .

Q,
a,)
Qy

I'Ci 4+ 2. Ca+ | .CyzQ,

[ c, Q, I 2
O:C 4+ | -Cu | .Cay=z04 —_— o I [ JIQ]=|Q, or o I |
© o | Q o o |

O C, 4+ O.Cy+ | - Cay = Qy

C.=a.-1q,+a~5 " C.,,- QX-Q; . C3=Q3
3
. Pswa vector (a..a,.a)eR can be e><l>resses=l os a linear combination cf Ues Ua o Wy,
SPam({u.,u,,u%}) ='le.

In %ey\eml, f we have wu,, u,, .U eR and we wart o opress veR i a lnear comsination

uj W Us,oor, U, W ave to sche o &askam ef lineox e%,\arbions with m e%wrtiov\s, N unknewns .

ExAvwF\e .8

3
et U =¢2.3.0), L=(2,1.0) ,ug:4,0,3)eF | where F:=7¢.
Find ¢,.c.,caeF such that v=0.1,4) = Cu,+Cu.+Cotng

2:C, + 3-Cx+4-C3=9_

13“’ Q 3‘R|_"R\ |4:. | -t -t
3.co+ |l -Cu+0O.Ca=1| — 3 Lol ~ L2 0o 1) Nske : 23 ,3 =2 in F)
o o 3 MR\ © 2| 4
O:Ci+ O.Cu+3d.Cy= &
4 2 ) |
Ra-R, 'R,,( 23 l)
o R | 4
I 4 21
2R,
‘R‘(O| 1 1)
© o R |4
4 2
2Ry~
S'RS(OI | 1)
c o | |3

C3=5 -
Ca#+Cyz2 =  Cu=l

C+4C,+2C, = | > Q44&W+2I@=| > C=1\




Question: Given u.,weﬂf\{ol ,1s S’Fc\n({u‘,u,:s) qlwasas a Flav\e 2
Answer : No ! If Wl . Cie. U=k, for some  keR) , Hren S'Fav\({u‘,m,_"g) = :)u\st a line .

(.: N\ :C.M.-\-Q;\A;. = (Q“\'kQ})M\ )

QuestGon : Gi\ley\ LV S VTN e‘ﬁ\{o} , 1S S‘Faw\({u‘,u,_,u;g) qlwaas TR3 2

Answer : No ! i:'\i U, U,y lie on a Flmz or a lne SFqn({u\,u\,_,ms’Q fTR3

Ore. crf w_can be eﬂ:r&ed os a_linear combination cf the others.

'befini-em g6

A subset °§ a ~ector space V is called linearha lv\dgFewa\e_wt rf ‘fov- all fini'te_
number cj distinct vectors U, Uy . a €, Gt Cuuat e +C U = Oy B CzCaz--=C =0
(Qovwerse\ta. R i linear{(a deFendevct r§ there exdists w,, Uy, . €S and

C, GO e F bk net all 2zero such that curcCuua+- v u =0, .

Pssume ¢ # o . then wz:)%i-%z-uj,

ie. W can be e><‘>r&ed os a linear combination of the others . )

Exercise 8.2
Let V be a vector Space ad let S, S, V. Show -taat 1-? S, s livxeav(xa_ ‘mdeFeme\aA-E.,
ten R, = akse \lv\eor‘\a_ lvde‘)ey\dewt.

Defiribion &3

Let V be a vector Space oand et Fs‘\l.
% it said to be a basis -fbr \ if B s hneax\xa_ lvxe\efe.nden't and sPom(Fh\l.

va?\e b8 A

4 "
Let €i:(o,---,0,1,0,--,0) eF -fov' ist,...n . {e, e, --,e.} 18 a basis -gor E .,
whichh is called tre stavdard basis -for .



Exercize 82

Show -dazk  fu,, . unl n EXQ\MF\Q 83 is a llvxear\a iw:lel;e_v\dew’c. set cf vectovs.

Alsc . Since sFan({w,cA;.vx{i\ R CTunne.mml 8 a basis -§w~ r.

’R’UFOS\'aDV\ .4

Let V be a vector sFace ard et F={u..w‘,,---.m.\'§ be o subset of AV
Then c.\ s a lbasis 'for- AV ‘rﬁ and cm\ta lf 'fb\’ all veV , Hrere exist wr\'\%«e.

C.Cr.-,Cn€F Such Haabk v=cutQu -+ Caua.

'—R—c?os\'('jov\ &5

Let V be a veckor Space. ‘f\avir\% a -fmrba_ basis . Then every basis fw- \  contains
dre same number of elemertts .

A vestor Space Is called -fmrhe. dimensional \f tc has a -fw\rhe_ basis . The wu‘g;e.
Number 05 clemensts i eadn basis -fbr‘ V s called “he dimension e§ V. and s

dencted ‘O\a dimeV) .
A vector Space. 3 Mf\nrbe_ dimensional if e IS net fw'be dimensional.

Emv?\e. R.10

dim(FM = n (Reecall : the standard besis  has n vecters )
Let S={u,u. Ul be a lmear\«a 1nde\>ev\dewt set cf vectors in T . where (skswn.

l-i- \,Jss?av\(S) L then W s a k-dimensional subset c'i AV

Row Nectors and  Column Neckors of Mcatrices
Let Mmn(®) be the set cg al (men)-matrices with entries n F and let A eMy,F).

Qg Qa -eo Oun

Qs Qay --- Qan
A=t . . :
Cum Qua --- Qown

Then he yows and columns can be re%queﬂ as  Vectovrs cf B ad F" vesFec‘:’«ve\ng.




Exavv?\e .1

“There are -j\ve. column vertors Wi va. oo Vg e R

We Perforw\ e.lemewtoana_ You cFe.nxbcv\s on A

wstil it s cf the reduced vou echelon :

L2 | o 2 | o 2 ©2 o-t 0O

R R CERRE) e CET S R

reduced o
eclf\e[ovx fnwv\

Tlhvee leadm% s are located at (sk, 3rd and S~ column and so

LAYV | —fww\s o linear ivxde‘)u\dewh et cf vectors .
Alseo Va=2v, and V= =V, 4Nz .

lanation :

| { pY | o o
2 3 o ~ e v (o} ( o
2 4 s (<) (o) l

1 1
fbréit ] fbf%ﬁ'h A

I x | I O ©O
2 0 3 ~ ol O
3 5 4 o o |
Flnd‘w% C..Cy,Cs Such that . Qz-1,Ca=1,Qg=0

CiV,+ CuVa + Cg\g = \/q.

Siw(\\a‘r{\g .
(l 2| ° ) (' © ©° © ) which means CV i+ QNa+ CgVg = Oy D C2Cy=Cx=0
2 0 3| © ~ v lo L Ol o
R85 4| o oo | |o -SSR AVARN ARNAL S 03 (iv\ear-la imle.‘x.v\de.wt.
Remark :

To sbda row Vecrtors , we can ‘Fe.r‘fvrm e.\e_w\ewhma coluwin oFeraﬁons or s‘uw‘FLa stw:lca A,




l ol 1
Let G("(o oft o)ests(F)
o 1

o |

Clam: Rew vecto lineardiy ind & set o =
aim \.\Velzrsu'ﬁﬁ-fbmqw\malnefevdem S ofve VS in

€ x)

{

- (o]
[ SRR V) (o}
(o]

(o}

q =

- ~10 0 ~

o
t
(=)
|
o

~0l-~00
000-0
00 ~-00

%) 3e,neral et T eM (B be Hhe Idewh‘rha mabrix , Pe M @) .

Then G =(1..P) e M (F) ad ~the rou vectors forw\ a llnearlna_ Mderenclewt set of
o T (I I

vectors mn F since G =('PT) ~ (O)

Exercise 8.4

6l 3 (0O
Let §:{o 6 t 3 1 0]eMy (P , where F=24
o o b t 31

Shew that “he vou veckors oﬁ ST fww\ a lineawlu.a iv\de?emdew(: set d? vectors n F°.

Dot Product

'Defin‘r(:ion .9

Let u=¢a,,a..--.a), v=(b, . by, --., D) e F
The dot Pv-odw:t U\ is c\eflv\ed as ?‘iq;‘oc.

Recall : |n Parﬁc»\lar,'fw‘ nve® | we hae u-V=lullvlecos® where O is Hie cm%le betoeen

a W
=

wand v and (uf= %a}‘ . (\/l=?1:b;‘.

—W\ereﬁoref U\,VGTR“\fO.ﬁ . We lhave uv:=:0 € cos®:=0 & iV,

wn

A=




Recall: Lt AeMpn® ,'EseMML(F) Ahen C=AR eM o(®) s def«v\ed Lu&

Cl\‘) = é Qirbor; = dot ‘Fvodmc‘&_ Of Hre tHn oo vector cf A and
the -t column vectse cf ®.
2 " 2
. b.j
C-"™ Cij e M Q; Qa - Gin| N b’j
' o
Ew?le R.3

Lot AeM.® sudrn dak AN AA-T

(:3;:) (I l I)
: A Vviva--val=T
v/ T

A A

l rf =) > Nils
\lt-\lj={

o -f #j® VL ’.—f 4]

FR‘D’FOS\'BIQV\ 8.6
Let C be a k-dimensional s-.s\osrace cﬁ E.

Then C - {veF: v.u=o ‘g!w' al_uelCl is a (n-k)-dimensional s«absrace o'g .

Exercise £.5

Swﬁmse. e F={u.,u,,---,u\k'i s a basis -for C.

Let veV. Show Haak V-u:o -for all_ ueC ‘f and ov\lva i‘f V-U3=0 —j’or- all f=1,32,---. k.

Exaw?\e .14
let C be a Jd-dimensional Su‘oSFa.ce_ (a 'Flane_) cf ® .
<t is a lhne vhich is ‘Fev-Fey\dicmlav- “o C.

1

C

C

e




However, the above pichre is not that correck in some  srtuations..
EmmF\e_ 8. 14

Let. w=(,0.0,1), lazlo, 1 D EF , theve F:=2Z,.

Suppsse that C:span{u.wl)  then dim@) =2

xX
—l'hen,vd-x.,x,,-x,,,x,)ec*,-ﬂaey\ Lo o t)\fuy o o o 1

o)
©t t o ot I« o|©o

Let 3=S.%:t where s, teF
SIS TIEY N AL AL
Aot Ay 2O =D Az AyaS

S A X, ) =S, s ) s o, 0, 1) +S0, L1, 0) qu C'L-C.

E.mvale. 8.15
Let T eM @ T, eM (P be i matrices . and leb PeM (B
Then G: (I, P) eM B and H:CPLI) € MyigmE) .
Alse we hae GH = (T P) (':k) “P-P.o.

That means each yow vector of G 1 each column vector c§ =
(ie. each vow vector cf H)
lf C is +the Su‘osra.ce S‘Favw\ed \ota youw  vectors of S .
then C is the Sv\bs‘x\ce S‘Favmed \o«a youw  vectors of H.
t o o |
Let G:‘.'(O o O)Eszs(Zx)
©o o ( ol

Then He (10000 eMue@ (Rewack + bn Zo, =1« 1)

f ot oI




